We extend study of the Jaynes-Cummings model involving a pair of identical two-level atoms (or qubits) interacting with a single mode quantized field. We investigate the effects of replacing the radiation field mode with a composite spin, comprising N qubits, or spin-1/2 particles. This model is relevant for physical implementations in superconducting circuit QED, ion trap and molecular systems. For the case of the composite spin prepared in a spin coherent state, we demonstrate the similarities of this set-up to the qubits-field model in terms of the time evolution, attractor states and in particular the collapse and revival of the entanglement between the two qubits. We extend our analysis by taking into account an effect due to qubit imperfections. We consider a difference (or 'mismatch') in the dipole interaction strengths of the two qubits, for both the field mode and composite spin cases. To address decoherence due to this mismatch, we then average over this coupling strength difference with distributions of varying width. We demonstrate in both the field mode and the composite spin scenarios that increasing the width of the 'error' distribution increases suppression of the coherent dynamics of the coupled system, including the collapse and revival of the entanglement between the qubits.
I. INTRODUCTION
Physical applications of an interaction between a twolevel system (a qubit) with a field can be observed in many different and interesting quantum systems, such as Rydberg atoms [1] , Cooper Pair Boxes [2] , Cavity Quantum Electrodynamics [3] , trapped ions [4] and Circuit QED [5] . A widely used atom-field interaction model is the Jaynes-Cummings (JC) model. Historically this was introduced by E. Jaynes and F. Cummings [6] and studied to understand the predictions for the state evolution when a two-level atom is coupled to a quantized radiation field, in comparison with the semi-classical interaction model. It was also used to describe the event of spontaneous emission in the quantum theory of radiation. In the present day, because of the wide applicability of this model to a range of qubit-field systems and because of the significant potential for using qubits and fields together in quantum processing, the JC model is used widely as a tool for describing quantum processing [7] [8] [9] and quantum computing systems [10] [11] [12] .
Following the initial investigations, there have been numerous extended studies of the JC model, conducted with a wide range of physical implementations in mind, to identify the similarities, differences, fundamental features and potential applications of these systems. These studies first led to the discovery of qubit collapse and revival [13, 14] and more recently to the discoveries of many new interesting phenomena, such as sudden death of entanglement [15] [16] [17] , collapse and revival of qubits entanglement [16, 18, 19] , and cat-swapping [19] . In this work we study variants of some of these works, particularly those by C. Jarvis et al. [18, 19] and S. Dooley * ib640@york.ac.uk et al. [20] . We propose a new model that incorporates some selected features of the earlier works into a different hybrid system with qubits, that should also be a candidate for quantum information and processing applications. This model demonstrates the appearance of a range of phenomena with potential application, including the collapse and revival of Rabi oscillations, the attractor and the cat states of the system, as well as the dynamics of the entanglement between the two initial qubits in the system.
II. TWO QUBIT JAYNES-CUMMINGS SYSTEM
A multi-qubit Jaynes-Cummings Hamiltonian [21] for the interaction of a bosonic field mode with Mubits is written in the form of
† andâ are respectively the creation and annihilation operators for a photon with frequency ω, and λ i is the cavity-qubit i coupling constant. Each qubit labeled by i has ground |g i and excited |e i states with energy ǫ g,i and ǫ e,i respectively, where Ω i = ǫ e,i − ǫ g,i . Initially we consider the case of identical qubits, and with the atomic and the field inversion frequencies at resonance and the field having a uniform coupling with each qubit, so that for all i, ω = Ω i and λ = λ i .
Considering the case of two qubits (M q = 2) interacting with a coherent state of the field, the initial system has the form of |Ψ 2 (0) = |ψ 2 |α , where the qubits are in state |ψ 2 = C ee |ee + C eg |eg + C ge |ge + C gg |gg and the field is in state |α = e
|n . Here |gg is shorthand for |g 1 |g 2 etc., the |n are the number (energy) eigenstates of the field, α = √n e −iθ and n is the average photon number in the coherent state. The time evolution of this system |Ψ 2 (t) has been obtained and discussed previously [22] , where the system undergoes collapse and revival of Rabi oscillations and in particular, the collapse in the Rabi oscillations is observed at t c ≈ In a detailed analysis of the one-qubit case, J. GeaBanacloche [23] showed that, half way to the first revival, every initial qubit state approaches the single-qubit attractor ψ + 1,att and between the first and second revivals it approaches ψ − 1,att , with
C.Jarvis et.al extended this analysis [18, 19] and have shown that for the case of the two-qubit JC model, in the largen approximation, there are three components to the full time-evolving state. Provided that one component vanishes, the other two combine at the appropriate times (half way to revival) to a product state of the field with two-qubit states that are the unentangled attractor states [24] of the system. These are products of the single-qubit attractor states and take the form
Their occurrence thus depends on the initial state of the two qubits. This is in contrast to the one-qubit case in which all initial qubit states lead to a Schrödinger cat state at the attractor times [23] . . Jarvis et.al have also generalized the 'basin of attraction' for all the fully symmetrized Mubit attractor states [18] . where ee, n| corresponds to the state with both qubits in their excited state and with n photons in the field mode. The probability of the two qubits being in the attractor state of equation (3) is also calculated by ψ + 2,att |ρ q (t)|ψ + 2,att and shown as line (c). Another interesting phenomenon observed from such interactions is the collapse and revival of entanglement between the two qubits [18] . As opposed to the one-qubit case, entanglement can also be measured between the two qubits, not just between the qubits and the field. The dynamics of such entanglement is defined by the mixed state tangle, τ (ρ q ) [25, 26] and is depicted as line (d) in Fig. 1 . This is calculated from the (generally mixed) two-qubit reduced density matrix, which is calculated from the full system state by tracing out the field. Fig. 2 shows similar parameters as in Fig. 1 but for the case of an initial state lying outside the 'basin of attraction' described by equation (4) . In this case, instead of the phenomenon of collapse and revival, we observe sudden birth or death in the entanglement between the two qubits [15] [16] [17] . It is represented by a measurement called 'concurrence', C(ρ) = τ (ρ q ) and plotted as line (d).
III. TWO QUBITS-COMPOSITE SPIN SYSTEM
There is significant interest and physical motivation to consider models where the field mode is replaced by a composite of N spins. With a physical implementation such as Circuit QED [27] [28] [29] [30] [31] [32] [33] , one could consider a system of multiple superconducting qubits all equally coupled to one or more microwave field modes operated in their qubit limit (zero or one excitation). Similarly in ion trap or atomic systems [34] [35] [36] [37] one could consider a system of ions or atoms coupled to various cavity modes operated in their qubit limit. With increasing control over the nature of molecular fabrication [38, 39] , one can envisage designer molecules where one or more specific spins couple to a system of N other spins. Another possibility is realisation of nuclear spin control through an interac- tion of an electron spin with nuclear spin for quantum computation using semiconductor quantum dots [40, 41] .
The interactions between a single (specified) qubit with a collection of N spin-1 2 particles or qubits (collectively called a 'big spin', or 'Dicke spin', or composite spin) have been studied by S. Dooley and collaborators [20] . They have shown the similarities of this system with a standard JC model, leading to a method for producing 'spin cat states' of the composite spin. Analogous to use of an initial coherent state in the field mode case, an initial spin coherent state is used in the composite spin case. The correspondence between the two models holds in the limit of N → ∞ where a scaled spin coherent state
is equivalent to an oscillator coherent state of amplitude ζ, where ζ = |ζ| e −iφ is a complex number. The subscript N is used to differentiate a system with a composite spin from a state of the field mode. The spin coherent state can be written in terms of the well known Dicke states
where
Alternatively, the spin coherent state can be written as a product of N identical single spin pure states. In this form it is clear that preparation of such an initial state of the composite spin in any relevant physical implementation should be relatively straightforward, because each spin in the composite can be prepared separately and simultaneously-there is no initial entanglement required.
The Hamiltonian for a system of M q multiple (specified) qubits interacting with a composite spin is given by:
2 is introduced so that the ground state eigenvalue of the composite spin HamiltonianĴ z is zero. We consider a qubits-composite spin system evolving by Hamiltonian (7) with M q = 2, and with the composite spin initially in a spin coherent state described by equation (5) . With identical initial qubits, the atomic and composite spin inversion frequencies are taken to be at resonance so that ω = Ω 1 = Ω 2 , and the dipoleinteraction strengths between these are uniform with λ = λ 1 = λ 2 . Given a maximally entangled initial state of the two specified qubits
the initial system state has the form of
and the revival time of the system is approximated as
which is consistent with the findings of the study on the one qubit-composite spin interaction system [42] .
To exhibit the similarity with the analogous phenomena in the field mode case (Fig. 1) we plot the time evolutions of this interacting system in Fig. 4 . Line (a) is for the linear entropy S L q (t) of the two qubits, calculated from the two-qubit reduced density matrix tracing the full state over the composite spin and line (b) to show the probability of the two qubits being in state |ee .
One notable feature of this time evolution is that at time 1 4 t r the probability of being in the attractor state approaches a maximum and the entropy approaches zero indicating no entanglement between the the two qubits and the composite spin. Clearly at this particular time, the system factorises into a two-qubit part and a composite spin part [13] . Similar to the two qubits JC model, 1 4 t r is the attractor time and the state of the qubits at this time can be written in as equation (11) composite spin initial phase, φ. The probability of being in this state is plotted as line (c) in Fig. 4 .
(11) These states are also dependent on the initial state of the qubits and in the limit of N approaching infinity, we recover similar 'basin of attraction' as equation (4) for this interaction system. Fig. 3 exhibits the value of tangle for the states in the 'basin of attraction' and the plot shows that tangle is zero (τ = 0) at just two points, indicating only two product states in the 'basin of attraction'.
A second dip in the entropy can be seen at time Another interesting feature of this system is the dynamics in the entanglement between the two qubits. We observe the time evolution of the system's mixed state tangle calculated from ρ q (t) and we plot line (d) to represent the tangle τ (t) that quantifies entanglement between the qubits at time t. Evidently, the two-qubit entanglement collapses and revives and this is similar to the phenomena discovered by C. Jarvis et al. [43] and Rodrigues et al. [44] . It can be seen that at the attractor times of 1 4 t r and 3 4 t r , the tangle values are zero, illustrating no entanglement exists between the qubits. Clearly at these times, the system has gone from having entanglement to having no entanglement, neither between the two qubits and the composite spin, nor between the two qubits themselves. Also, since the state of the full system is pure at all times, the composite spin must also be in a pure state such that the quantum information in the initial (entangled) state of the two qubits has been swapped into the state of the composite spin, which is in a spin cat state.
If a perfect revival of the whole system state were to occur at the revival time, it would be expected that the entanglement between the two qubits would be exactly the same as it was at the beginning of the interaction, so τ (0) = τ ( tr 2 ). During the evolution to the attractor time the quantum information in the state of the two qubits is swapped with that of the composite spin. If there was a perfect revival this process would reverse so that τ returns to its initial value at tr 2 . However, a trade-off in tangle for entropy prevents a perfect revival from happening. The tangle and entropy for a mixed two-qubit system are approximately inversely proportional to each other [45] , therefore maximum entanglement can only occur for a completely pure state. At the revival time the two-qubit entropy does not return to zero, so the initial entanglement cannot completely revive, although as shown in Fig. 4 there is a marked revival in the tangle. A further point to note is that the value of the tangle in between revivals collapses and remains near zero until the revival, indicating an occurrence of a phenomenon analogous to the 'collapse and revival of entanglement' [43] seen in the case of two qubits coupled to a field mode. We plot Fig. 5 to show the time evolutions of a two qubits-composite spin system for the case of initial states from outside the 'basin of attraction'. It can be seen that there are concurrence peaks observed at 1 2 t r and t r indicating the existence of entanglement between the qubits. However, these happen with a lower maximum and display a sudden death and birth behaviour, rather than collapse and revival. This is analogous to the 'sudden death of entanglement' that has been seen in the case of two qubits coupled to a field mode [15, 17, 18] . Concurrence peaks can also be observed at 1 4 t r and 3 4 t r , which is in contrast to the case of the initial state inside the 'basin of attraction', where no entanglement occurs at these particular times. Also, for a perfect revival there would be a similar expectation of τ (0) = τ ( tr 2 ). However, as previously the revival of entanglement is not complete as the entropy of the two qubits does not return to zero at the revival time. These results are quantitatively similar to the case of the two qubits-field mode system. 
IV. TWO QUBITS-COMPOSITE SPIN SYSTEM WITH DECOHERENCE EFFECTS
Decoherence is the transformation of a quantummechanical superposition state into a classical statistical mixture over time, as a result of the quantum system interacting with an external environment or noise [14] . All measurements discussed in the previous sections are observed without considering any 'error' or decoherence effects on the system. We are interested to examine an interacting system with decoherence effects, by considering an error that resulted from some mismatch in dipoleinteraction strength between the qubits and the composite spin. This means that we are observing a system of two qubits with some 'errors' in the value of λ. We start by letting λ 1 = λ 2 + δ in Hamiltonian (7) (for the case of M q = 2), where δ is the difference between the two dipole-interaction strengths. In order to study a realistic model for this mismatch as a source of decoherence, that obeys the 'central limit theorem', we evaluate the density matrix of the qubits for a distribution of the δ values. We consider our model with errors described by a Gaussian distribution centred at δ = 0 and with a width of ∆. The error distribution is then given by
Our aim is to evaluate the density matrix of the qubits given a distribution of δ values. Analytically, we can do so by averaging the density matrix over the errors such that
We can also consider a discrete approximation to this ensemble of systems which can be given in the form of
where i indicates the number of the discrete events and ∆ is still the distribution width. As this number i increases, the function tends towards resembling a normal distribution in the continuous regime. When using the discrete approximation to numerically evaluate approximations to density matrices, values of δ are sampled over a range from −3∆ to 3∆, with i of sufficient size to provide accurate approximations. Fig. 6 and Fig. 7 respectively visualize the comparisons between relevant features in a two qubits-field mode and two qubits-composite spin model, with decoherence effects of varying the distribution width ∆ value, for the case of the initial two-qubit state inside the 'basin of attraction'. Fig. 8 also depicts similar features for a two qubits-composite spin model with decoherence effects, but considering an initial two-qubit state that lies outside the 'basin of attraction'. Significant differences can be observed in the qubits' probability, linear entropy and entanglement values as the amount of decoherence increases, whilst both systems exhibit similar attributes. One notable change can be seen through the decreasing amplitude of the qubits' probability at the revival time and its half. It is also very interesting to note that at the attractor times, the values of linear entropy have increased which suggests that there is an effect of decoherence on the purity of the system; however, the qubits remain unentangled as τ remains zero.
Decoherence however shows its effects on the initial decay of the measurement, where entanglement disappears more rapidly and revives with decreased amplitudes as the errors increase.
V. TWO QUBITS-COMPOSITE SPIN SYSTEM WITH SMALL N
The calculations we have presented thus far have been performed with N = 150 and a spin coherent state parameter |ζ| 2 = 25, conditions such that N is large enough to make a good comparison with the field mode case and to enable comparison with previously published work on this model. However, in order to consider the potential for experiments that could be realistic with current or near future systems, it is interesting to consider smaller values for N . We have therefore extended our study by exploring the regime of small qubit number in the composite spin. We investigated to ascertain the smallest N that maintains the occurrence of collapse and revival of entanglement in the two-qubit system. Some signature for this phenomenon can be seen for N ∼ 20 and this is more apparent in the case N equal to 25 and |ζ| 2 = 9, as presented here. The time evolutions of this system with the effects of different value of decoherence are plotted as Figure 9 .
From this figure, we can see that the collapse and revival of the Rabi oscillations, as well as the linear entropy of the system, are rather noisy in comparison to the larger N results. However, there is still clear evidence for revival of the entanglement between the two qubits. It is also very interesting to note that even with a modest amount of decoherence at ∆ = 0.1, the collapse and revival of entanglement in the qubits system can still be observed. The entanglement does, however, collapse completely with an error distribution width larger than ∆ = 0.5.
VI. CONCLUSIONS
We have demonstrated that collapse and revival of the entanglement between two qubits interacting with a composite spin system exhibits similar features to the previous demonstrations of these phenomena in two-qubit systems coupled to a field mode, when the composite spin contains a sizeable number (N = 150) individual spins. Analogous to the field mode scenario, in the composite spin scenario there is also a 'basin of attraction' for initial two-qubit states to show this collapse and revival, and for states outside this basin the related phenomenon of sudden death and birth is seen. Our studies are relevant for physical implementations where two specific qubits couple to a set of other qubits, as could be realised in Circuit QED [27] [28] [29] [30] [31] [32] [33] , or ion/atom [34] [35] [36] [37] , or molecular [38, 39] , or quantum dot [40, 41] systems.
In any physical realisation of a system of two qubits coupled to a field mode, or to a composite spin, there will clearly be the potential for errors and thus decoherence. One important example that we have studied here is the case of a mismatch in the (supposedly identical) couplings of the two qubits, which might for example arise due to spatial positioning errors for physically identical fundamental qubits, or to fabrication and positioning errors in the case of manufactured qubits. We have considered coupling errors subject to a distribution, leading to additional mixture in the two-qubit reduced density matrix, for both the case of a field mode and a composite spin coupled to the two-qubit system. In both of these scenarios the decoherence due to coupling errors reduces the strength of entanglement revivals. However, the promising observation is that for a 10 % error (∆ = 0.1) in coupling there are still very significant entanglement revival or rebirth signatures. This is encouraging from the perspective of experimental investigations of such phenomena, where errors will be present. To further encourage experimental investigations, we have also explored the composite spin parameter space at much smaller values of N , which are likely to be more readily accessible with current or near future implementations. We have illustrated this with the example of N = 25, where there is clear evidence for entanglement revival and robustness against 10 % coupling errors.
Clearly there are other forms of error and thus decoherence that can be considered. As an example, future work will address a mismatch in frequency of the two qubits, which could arise due to identical qubits experiencing slightly different external conditions, or to fabrication errors in manufactured qubits. 
